The focusing and collimation effects of Cold atomic clouds passing through a Gaussian 

beam 
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We have demonstrated an atom-optical lens, with the advantage of a small scale and flexible 
adjustment of the parameters, created by far red-detuned Gaussian laser beam perpendicular to the 
propagation direction of the cold atomic cloud. This work presents the focusing and collimation 
effect of a cold atomic cloud, with uniform translational velocity and with vanishing initial trans- 
lational velocity in gravity respectively, by the atom-optical lens. The object-image relation, focal 
length and the collimation effect of the atom-optical lens have been analyzed both theoretically and 
experimentally. 

PACS numbers: 03.75.Be, 37.10.Vz 



I. INTRODUCTION 

With the development of laser cooling and evaporative 
cooling techniques, it is easy to obtain ultracold atomic 
clouds at the temperature order of 1/xK PHI]- This kind 
of ultralow temperature atomic cloud is suitable as a 
medium in atom optics studies [3, HJ. Atom-optical lens 
is one of the fundamental atom-optical elements, which 
can focus, collimate, image and transmit the atom beam. 
Therefore it has been implemented in many ways, such 
as, atom lithography, atom interferometry and atom in- 
terference. Up to now two kinds of atomic lens, based 
on magnetic or far-detuned optical fields, have been de- 
veloped. Focusing has been achieved through magnetic 
lenses Atom-optical lens based on magnetic fields 

are advantageous for coherent atom-optic research owing 
to their extremely high optical quality. The focusing dy- 
namics have also been investigated with magnetic atomic 
lens; specifically, the isotropic three-dimensional (3D) fo- 
cusing of atoms with a single- impulse magnetic lens [lfj ■ 
However, it is difficult to build flexible optical systems be- 
cause magnetic atom-optical elements have a large scale. 
Laser beams are often used to build atom-optical lens 
because of their interaction with atoms pd| . They have 
a small scale and is flexible to realize the combination of 
atomic lenses. For example, atom-optical lenses can be 
achieved through red-detuned Gaussian beams or blue- 
detuned doughnut beams There are other 
ways to achieve an atom-optical lens, such as by the use of 
radiation-pressure force [l^, [2(3] , near-field light [U 22 1 , 
and far-detuned and resonant standing wave fields 23j. 
A focused Gaussian laser beam with red detuning also 
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can be used as an atom-optical lens. Early experiments 
demonstrated this kind of atomic beams focusing using 
the dipole force [1, GJ, E3, 0, fH] . The focusing dynam- 
ics of a trapped BEC interacting with laser pulses have 
also been investigated [26] . Aberration- free atom-optical 
lenses based on the optical dipole force have also been 
proposed [27l |28| . Heating and cooling effects caused by 
an adiabatic compression and expansion when the cold 
atomic cloud is close to or far from the focus of the Gaus- 
sian beam, respectively, have likewise been found [31]. 

In previous work we have numerically and experi- 
mentally studied the ultracold atomic cloud and BEC 
wave packet pas sing through focused red-detuned Gaus- 
sian laser beam[32j. The focusing, advancement and 
one-dimensional collimation effects have been observed, 
which agreed with the numerical simulation results. Spe- 
cially, the one-dimensional collimation effect of wave 
cloud is interesting because it is very useful in many im- 
portant aspects required low divergence sources, such as 
atom lithography, atom interferometry, atomic fountain 
cloud, atomic physics collision experiments, ultra high 
resolution optical spectrum, quantum frequency standard 
and atom interference. One method of producing such 
highly collimated beams is using one-dimensional cool- 
ing technology [33]. Another one-dimensional collima- 
tion method is also realized when atomic beam through 
atomic lens based on magnetic field[34]. Our method, 
however, has the advantage of small scale and flexible 
adjustment of the parameters of the atomic lens. 

In this work the object-image relation and the colli- 
mation of the atom-optical lens created by the far red- 
detuned Gaussian beams are studied theoretically and 
experimental. This work is helpful to further understand 
the properties of atom-optical lens and one-dimensional 
collimation effect of atomic cloud without cooling. 

The paper is organized as follows. In sec. II we 
first investigate the optical properties, such as object- 
image relation, focal length of atomic lens induced by far 
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red-detuned Gaussian laser beam using particle tracing 
method when the atom is with uniform velocity and un- 
der gravity field, respectively. In Sec. Ill the collimation 
effect is analytically studied, and then the numerical sim- 
ulation is used to verify the valid of the analytical results. 
In Sec. IV the experimentally studying of the focusing, 
imaging and collimation effect is also presented and dis- 
cussed. Finally we conclude the work. 



A. Object-Image relation 

Because nonlinear coupling Eq. ([2]) is difficult to solve, 
without loss of physics, we assume that the incident ki- 
netic energy E = mv Zo /2 ^> U, so the velocity along 
z direction is almost not changed in the process, i.e., 
v z (t) ~ v Zo . Now, the potential can be expressed as 



II. THEORY AND NUMERICAL ANALYSIS 

In Figure 1 , we consider a cold atomic cloud with initial 
temperature T located at the position (0,0, L Q ). When 
the atomic cloud with initial translational velocity v Zo 
propagates along z axes to a far red-detuned focused 
Gaussian laser beam, the atomic cloud undergoes enough 
free expansion that the position of every atoms in the 
cloud is correlated with its velocity distribution. The 
potential induced by the laser beam has the following 
form: 



U = Uq exp 



y 2 + z 2 



(1) 



where Uq = HCIq/4 (S + Here fio is determined by 

the intensity in the center of the Gaussian beam, and oo 
is the waist width of the Gaussian beam. 5 = ujl — ^>a 
presents the detuning between the laser frequency and 
the transition frequency of the atom, and 7 represents 
the decay rate of the atomic excited state owing to spon- 
taneous radiation. When the detuning is red, the po- 
tential is negative and presents an attractive force when 
the atoms passing through it. The red-detuned Gaus- 
sian laser beam can therefore serve as a focal cylindrical 
atomic lens. 



U = Uq exp I — — o ) exp 



(v ZQ t - L ) 



(3) 



"0/ V / 

Substituting Eq. ([3]) into equation ([2]) one obtains 



mx = 
my = F y (t) 
mz = 



where 



Fy{t) 



■ exp 



exp 



(v zo t - L y 



(4a) 
(4b) 
(4c) 



(5) 



Eq.(U|) shows that the motion of atoms in different di- 
rections is decoupled. The motion of atoms in central 
attractive force now reduces to the motion of the atom 
under the time dependent force along y direction. Ow- 
ing to no interaction happened along x direction in our 
model, hereafter transverse direction only means y direc- 
tion. 

From Fig. Q] one observes that the deflection angle of 
atom passing through laser beam relates with the change 
of velocity of the atom along y direction. 

The momentum change along y direction can be found 
with the law of impulse-momentum 
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We assume the shift 
teraction range r < ctq 



FIG. 1: (Color online) Atomic trajectory when the atom passing 
through the Gaussian laser beam. 



Now we will investigate the optical properties of the 
atomic lens, such as object-image relation, focal length 
and aberration, by solving the motion equation of atoms: 



F y (t) dt. 



almost not changed, so the integral of Eq. ^ gives 



(G) 



mAvy — 



2y^hU Q ( h 2 ~ 
exp 2 I ' 



(7) 



where h is distance of the atom trajectory from the z 
axial. 

Considering Eq 3> U, the deflection angle 6d <C 1, and 



where m is the atom mass. 



Or 



U, 



(2) 



\AVy\ 

V^h\U \ 



exp j 

^5 



(8) 
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Under paraxial approximation, i.e.. h <C <Jq, L a , Li, the 
incident and exit angles, respectively, are 



h 

T 
h 



(9a) 
(9b) 



and Eq. (jSJ, keeping to first order, can be rewritten as 



y/*h\U \ 

"d = ■ 

<JoE 

According to 9d = 8 a + 6 i: one gets 



(10) 



In gravity field case, therefore, the focal length of the 
atomic lens is written as 



mgHap 



(15) 



Assuming the atom reaches the maximal transverse 
distance h after time to and then flies back and crosses 
the z axial again after time t j , the following relation holds 



t o Vy0 

ti \ Vy 



(16) 



n\U \h _ h h 
Li L Q 



u E 

If we define the focal length as 



where v y o and the initial and transverse velocities 

(11) after the atom passing through the laser beam, respec- 
tively. 

Likewise, keeping to first order, Eq. ([7]) can be rewrit- 
ten as 



/ = 



Eq. |[TT|) becomes 



1 _ 1 



1 



(12) 



(13) 



which is just the Gaussian formula of thin-lens in light- 
ray optics. We refer Eq. (|T3|) as Gaussian formula of 
atomic optics. 



B. In gravity field 



Vy g ~ VyQ 



v Zo h 



f 



(17) 



Combining Eqs. p^|) and (fTT)) one finds the time ti 
expressed as 



to 



/ l ° 1 



(18) 



The falling distance after the atom flies back and 
reaches the z-axial again is 




FIG. 2: (Color online) Atomic trajectory when the atom passing 
through the Gaussian laser beam in the gravity. 

In this part we will consider an atom released from the 
position (0, 0, H) with a vanishing initial vertical velocity 
and then falls through the focused Gaussian laser beam 
under the gravity. According to the law of conservation 
of energy, at the height equal to the center of laser beam, 
the vertical kinetic energy of the atom is 



E 



1 2 

mgH. 



(14) 



2H- 



f 



2H-f 



f 



m - 2/ 



(19) 



Defining effective image distance Li g = 
Hi/ ^1 + 4g ^ 2 / ) an< ^ effective object distance 
L og = 2H, Eq. (fl"§|) can be rewritten as 



1 

7 



i 



J >9 



1 



-iog 



(20) 



which is similar with Eq. (fTB")) and called the object- 
image relation of atomic lens in the gravity. 

Obviously, in the gravity case, the object and image 
distance is not the real falling distance. If one wants to 
experimentally observe the minimal focused spot of the 
atomic cloud by absorption image technology, the probe 
laser beam should be located at Hi and record the signal 
after time t n + i, . 
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III. COLLIMATION EFFECT 



Collimation of atomic beam is very useful for 
nanolithography, atom interferometry and gravity- 
gradiometer, and cold collision studies. Now the well col- 
limated atomic beam can be obtained by nozzles, trans- 
verse cooling, atomic lens. In this section, however, we 
theoretically study the collimation effect of the atomic 
cloud passing through the Gaussian beam. 



A. Uniform velocity 

To begin with, we investigate the collimation effect 
when the atomic cloud with the initial temperature 
To has a uniform initial center velocity without gravity. 
This is a good approximation when the initial center ve- 
locity of the atomic cloud is large enough. 

Different from the case of transverse cooling, atomic 
lens can not only collimate, but focus the atomic cloud, 
so in this paper we use the velocity spread of the atomic 
cloud to measure the collimation instead of the angular 
divergence. 




FIG. 3: (Color online) Transverse velocity spread as function of 
object distance at different initial temperature. The thin and thick 
solid lines represent the transverse and vertical velocity spread 
given by Eqs. i23l and 11271 . The symbol ♦ and ■ represent the 
corresponding simulation results, tn the simulation the initial ra- 
dial and velocity of the atomic cloud respectively are Ro = O.l^m, 
and v z q = 0.3ms — . The parameters for the optical potential re- 
spectively are Uq = —20 X 10 — 29 J, ctq = 30/xm. 

Based on the geometric relation in Fig. 1, one has 



h 

T 



VyO 
Vz ' 



(21) 



Combining Eqs. ([7J and (j2"TT) . the velocity v y of the 
atom deflected by the laser beam along y direction is 
given by the following expression: 



I'yO 



1 ~ ~T ex P ~ aT^ 



(22) 



where Avq 



5 <7 /L o . 



Then we find the root-mean-square (RMS) velocity 
along y direction of the atomic cloud passing through 
the laser beam 



(»7) : 



.4 



x exp 




yo 



yo 
"At* 



t2 

£-2- 



(2a+l) 3/2 / 2 (a + lf 2 I 



(23) 



where A = y/ m/2nkBTo with Boltzmann constant ks, 
a = ct^/ctq with a\ = 2kBT Lo/mvl Q the size of the 
atomic cloud when it reaches the laser beam center, and 
v rms _ y/^jj^/^ the initial RMS velocity of the atomic 
cloud. One can see that the parameter a can denotes the 
degree of paraxial approximation. 

Fig. 4 shows the transverse RMS velocity (thin solid 
lines) as function of the object distance. We find that the 
transverse RMS velocity first decreases, then increases 
and finally decreases and asymptotically tends to initial 
one with increasing the object distance. Obviously, there 
exists a region in which the transverse RMS velocity is 
smaller than the initial one. This phenomenon can be 
interpreted that, when the object distance is very short, 
the size of the atomic cloud a a is far smaller than the 
waist of laser beam cto, i.e., a -C 1, therefore the paraxial 
approximation is well satisfied. Under this condition the 
laser beam can be viewed as an ideal lens, and Eq. (|2"3")) 
is reduced to v r y ms ~ \L a /f — l\v^ ms . So the velocity 
spread first decreases and then increases with increasing 
the object distance. When the object distance continu- 
ously increases, a <C 1, or the paraxial approximation is 
not well satisfied, the aberration effect becomes signifi- 
cant. The deflection angle of hot atom is less than that 
of those cool atoms. The total effect is that, involving 
the aberration, the transverse RMS velocity is smaller 
than the ideal one. If the object distance continuously 
increases, the size of the atomic cloud a a will be much 
greater than that of the laser beam and less atoms de- 
flected by the atomic lens, and the final transverse RMS 
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velocity tends asymptotically to the initial RMS veloc- 
ity. This also can be seen from Eq. (f2"3")h if a a S> er , 

„,rms „,rms 
V ~ °. ' 

From Fig. 4 one can also observe that the minimum 
transverse RMS velocity is about 0.2v^ ns for T = 0.2^k 
while the one is about 0A8v 7 o ms for T = 0.6^fc. This tells 
us that the lower initial RMS velocity is helpful to raise 
the collimation efficiency, which implies that atomic lens 
is suitable for collimating ultracold atomic cloud rather 
than hot atomic cloud. 

To verify the analytic result, we use the direct simula- 
tion Monte Carlo (DSMC) approach [35j to simulate the 
process. In the simulation the 87 Rb atomic cloud with 
initial temperature To and the center velocity vo along z 
direction is placed at position L , after the cloud passing 
through the laser beam we then measure the transverse 
velocity spread of the atomic cloud. From Fig. 4 one 
notes that the analytical results agree well with the sim- 
ulation ones (represented by the square symbol). 

In the following text, we will discuss the vertical veloc- 
ity spread of the atomic cloud. According to the law of 
conservation of energy, in the dipole conservative poten- 
tial, the change in the kinetic energy of the atom along 
z direction should be equal to that along y direction 

AE Z = AE y , (24) 

Here we define the variance of velocity along z direction 
Av z . Eq. ([24]) becomes 
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FIG. 4: (Color online)The transverse velocity spread as func- 
tion of Rabi frequency. The dotted, dashed and solid lines re- 
spectively represent the transverse velocity spread of the atomic 
clouds when the waist widths of the laser beam are 50, 125 and 
200 fj,m, respectively. The dash-dotted line denotes the vertical ve- 
locity spread of the atomic cloud. The symbol A, ■ • and ♦ are 
corresponding simulation results. In the simulation the initial tem- 
peratures, radial and velocity of the atomic cloud respectively are 
To = 1.0/ik, Ro = 0.1/^m, the initial height of the atomic cloud is 
H = 3.1mm. The parameter for the optical potential respectively 
are <5/2vr = -50GHz. 

B. In gravity field 



Avl 



2v Zo Av z 



Lo 
f 



f 



exp 



u vQ 
Avl 



exp 



2k B T 



25) 



With the previous assumption v z q 3> Av z , Eq. (|25p can 
be written as 



Next we will consider the collimation effect when an 
atomic cloud falls freely with a vanishing initial cen- 
ter velocity under the gravity. To obtain the transverse 
RMS velocity of the atomic cloud, we should first find 
the transverse velocity of it. Using the same method in 
previous part to find Eq. (f2"2l one gets 



Av z 



2v Z0 f 




yo 
Avl 



exp 



"yo 



2k B T J 
(26) 

Finally, one can find the vertical RMS velocity of the 
atomic cloud 



Lo 
f 



exp 



Avl 



(28) 



where Av g = gq ^g/2H. So the transverse RMS velocity 
of the atomic cloud in the gravity is 



{v r z ms Y = A 



Av 



\ 2 

; ) exp 



m (v z 



vo) 



2k B T Q 



LI 



I 



L n 



(2p+lf /2 P 



3/2 f 



{v rmsy 



(27) 



Obviously, under the assumption Eq 3> U, the vertical 
RMS velocity is almost no change after the atomic cloud 
passing through the laser beam. We can explain this phe- 
nomenon by the fact that, compared with vertical kinetic 
energy, the energy transferred from transverse direction 
to vertical direction is so small that the corresponding 
vertical velocity and its width is almost not changed. The 
simulation result (Shown by diamond symbol in Fig. 3.) 
confirms the analytical prediction. 



where /3 = c'i/a, 



08 + 1) 
AHkBTv/mg 



+ 1 K ros r 



Eq. 



(29) 
22) is 



and o c 

similar with that in the uniform velocity case. 

In the gravity case, L a / f = 2^/tt \Uq\ / (mgao), which 
is not dependent on the initial height of the atomic cloud 
but proportional to the strength of the laser beam. Fig. 
5 plots v™ 3 against £lo with different waists of the laser 
beam. We see that the transverse RMS velocity first 
decreases and then increases with increasing Rabi fre- 
quency, which is similar with that in the uniform veloc- 
ity case. Additionally, from Fig. 4 one can notice that 
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large waist of the laser beam is helpful to obtain better 
collimation effect. It is readily understandable that the 
waist of the laser beam is larger, the ratio of the size of 
atomic cloud to the width of the laser beam is smaller, 
and laser beam is more like an ideal lens, the collimating 
efficiency is therefore improved. The corresponding sim- 
ulation results are well consistent with analytical ones. 



IV. EXPERIMENTAL RESULT AND 
DISCUSSION 
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FIG. 5: (Color online)The focusing of atomic clouds by the Gaus- 
sian laser beam. Top panel is the absorption imaging of the focused 
atomic clouds. The bottom panel is the corresponding cross sec- 
tion of optical depth. The solid line denotes the the focused atomic 
clouds, while the symbol ■ represents the reference one. The fly- 
ing time t is 7ms before the atomic cloud entering the laser beam. 
The initial temperatures of the atomic clouds are (a) 190nk and (b) 
370nk respectively. Another parameters are Uo = 2.81 X 10 _29 J, 
cro = 3b[im. 

Our experimental setup consists of two magneto- 
optical traps [32j. The atomic cloud is firstly captured 
in the Up-MOT and then transferred into the second 
ultrahigh- vacuum MOT(UHV-MOT). After the atomic 
number in the UHV-MOT is stable, we did optical mo- 
lasses and then loaded atoms into a quadrupole-Ioffe- 
configuration (QUIC) trap. Evaporative cooling of the 
atoms was performed by rf-induced spin flips. We swept 
the rf frequency from 25MHz to a value of around 1.6MHz 
over a period of 28s. Atomic clouds with various tempera- 
tures from about IfiK to below the phase transition point 
were obtained by setting different rf frequencies. The cold 
atomic cloud then ballistically expanded after the mag- 
netic trap was switched off. The direction of propagation 
of the focused Gaussian beam and the probing beam was 
parallel to the long axis of the QUIC trap. Therefore, 
the cold atomic clouds symmetrically distributed in the 
probing plane before traversing the Gaussian beam. We 




FIG. 6: (Color online) The transverse FWHM width of atomic 
clouds plotted against the flying time. The solid line is the an- 
alytical result. Before passing through the Gaussian beam, the 
atomic clouds have already flown 7 ms. Another parameters are 
U = 1.26 x l(r 29 J, o-o = 17/im, T = 0.071/**:. 



acquired the distribution of atomic clouds from absorp- 
tion images, as shown in Fig. 5. The Rayleigh length was 
about 8.5mm. Since the Rayleigh length was far greater 
than the scale of the atomic cloud while it was passing the 
light beam, we could approximate that the laser beam 
provided a two-dimensional Gaussian potential. When 
evaporative cooling was finished, we released the atomic 
cloud from the QUIC trap and turned on the Gaussian 
beam. After the atomic cloud had passed through it, 
we turned off the Gaussian beam and waited for several 
milliseconds. All information regarding the atomic cloud 
were derived from the absorption images. 

Fig. 5 is a typical experimental result about the fo- 
cusing of the atomic cloud passing through the laser 
beam. From absorption images and cross section of opti- 
cal depth we can see that the atomic clouds are focused by 
the laser beam compared to the reference one. Obviously, 
the focusing just happened on the transverse direction, 
while the vertical direction remains unchanged. Owing 
to the finite action length of the laser beam, just part of 
the atomic cloud is focused. With increasing the initial 
temperature, the focused part is increasing. We fit the 
cross curves by an asymmetric bi- Gaussian to derive the 
Full- Width at Half-Maximum (FWHM) of the width of 
the focused part in the atomic clouds along transverse di- 
rection. Under the experimental parameters, the imaging 
time ti ~ 7.6ms, the flying time tt = 9ms, according to 
the previous analysis, the FWHM widths of the focused 
part should be about 8/im. However, the experimental 
results are both of them are about 1 3 /mi and greater than 
the theoretical prediction, which is mainly caused by the 
aberration of the atom-optical lens [37], . 

Imaging is one of important properties of atom-optical 
lens. If an atomic cloud with very lower initial temper- 
ature passes through the laser beam, according to Eq. 
(JTHJ) , the FWHM width of the focused atomic cloud will 
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be 



V r y mS \tf-U\ 



(30) 



Obviously, when tj < U, the FWHM is inversely propor- 
tional to the flying time, which is plotted by solid line in 
Fig. 6. The experimental result is well consistent with 
the analytical prediction. 




\i ] "' (mm/s) 



FIG. 7: (Color online)The total velocity spread against the initial 
one. The solid line is the analytical result. The dashed line is 
the reference one. Before passing through the Gaussian beam, the 
atomic clouds have already flown 4 ms. Another parameters are 
Uo = 2.77 x Kr 29 J, cr = 35/im. 

We also experimentally study the collimation effect of 
atomic lens. The collimation effect can be measured by 
the final velocity spread of the atomic cloud after it pass- 
ing through the Gaussian laser beam. As discussed in 
Ref. [32], when the initial temperature of the atomic 
cloud is high, only the part with lower transverse ve- 
locity is focused, other part not interacts with the laser 
beam. There are focused and unfocused parts in the 
atomic cloud after it passing through the laser beam. By 
measuring the RMS widths of the focused and unfocused 
parts in the atomic cloud, one can determined the total 
velocity spread and then measure the total collimation ef- 
fect. The transverse RMS velocities of focused part and 
unfocused part are 



and 



u unf 



\tf-U\ 



(tf+to)' 



(31) 



(32) 



where r™ s and r™ s are FWHM width of focused and 
unfocused parts in the atomic cloud. So the total trans- 
verse RMS velocity of the atomic cloud is 



( rms \2 
I "total J 



N 



N, 



N 



v unf ) 



(33) 



where Nf, N un f and N are the number of focused, unfo- 
cused and total atoms, respectively. 

Fig. 7 shows the experimental result of the total 
transverse RMS velocity with dependence of the initial 
RMS velocity of the atomic cloud. Obviously, the total 
transverse RMS velocity is smaller than the initial one, 
that is to say, the atom-optical lens efficiently collimate 
cold atomic clouds. With the parameters experimentally 
available, the collimation effect is not very well when the 
the initial velocity spread (temperature) is lower. 



V. CONCLUSION 

We study the optical properties of the atomic lens in- 
duced by the far red-detuned laser beam and collima- 
tion effect of atomic cloud passing through the atomic 
lens, with uniform translational velocity and with vanish- 
ing initial translational velocity in gravity, respectively. 
Based on the atom deflection in dipole conservative po- 
tential, the object-image relation and the focal length 
of the atomic lens is theoretically presented. And then, 
the collimation effect of the atom-optical lens is theoreti- 
cally studied. With the transverse RMS velocity, we find 
that collimation effect of the atomic cloud with lower ini- 
tial RMS velocity is better than that with a high initial 
RMS velocity. Furthermore, theoretically speaking, the 
collimation by atomic lens can reach smaller divergence 
angle than that by transverse cooling technology due to 
the collimation of atomic lens without the cooling limit. 
Therefore the atomic lens is suitable for collimating the 
ultracold atomic cloud or beam. Moreover, atomic lens 
created by the laser beam has the advantages of small 
scale and flexible adjustment. It will play important role 
in many fields, such as integrated atom optics, atomic 
fountain clock. Finally we have experimentally demon- 
strated focusing, imaging and collimation of atomic cloud 
passing through the Gaussian laser beam, which are well 
consistent with the theoretical prediction. 
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